INTRODUCTION
We consider the following system of equations, written in (0, oo) x 0, where H = IRN or H = TN, otherwise the above system reduces formally to the incompressible NavierStokes equations in which case we do not know whether the (hydrostatic) pressure is bounded from below.
One of the motivations to study this free boundary problems is the study of fluids with imbedded domains (large bubbles) filled with gaz : standard models involve a threshold on the pressure beyond which one has the incompressible Navier-Stokes equations for the fluid and below which one has a compressible model for the gaz. Another motivation is the possibility to study a compressible-like system which includes the incompressible case as particular case (p m 1). Now we are going to define precisely the weak solutions (solutions a la Leray) we will use. We look for solutions satisfying where B = TN if H = T'N and B is any ball in IRN if S2 = IRN, in this second case we also impose that u E L2 (0, T, Next, equations (1) , (2) must be satisfied in the distributional sense. This can be written using a weak formulation, namely we require that the following identities hold for all § E C°°(~0, oo) x S2) and for all E C°°(~0, oo) x O)N compactly supported in [0,oo) x S2 (i.e. vanishing identically for t large enough)
We want to point out (and we will come back to this issue later on) that the weak formulation (10) for p contains the initial condition p(0) = p° since p is assumed to be continous in time with values in L2. However (11) does not yield that pu(0) = In fact 7r is a mesure and all we can deduce in terms of continuity concerns the divergence-free part of pu, namely P(pu), where P(v) = vHence if ~ is divergence-free = 0 then ( 11 ) becomes which yields that P(pu)(0) = P(m°).
On the other hand equation (3) and the condition 0 p 1 must be understood in the sense of almost everywhere defined functions.
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P.-L. LIONS AND N. MASMOUDI Notice then that condition (4) does not make sense since 7r is not assumed to be a function (defined almost every where). However this condition can be rewritten as follows
We will show that this condition makes sense under the above requirements and equation (4) should be understood in the sense of (13). In fact we will show the following regularity theorem THEOREM 1.1. -If ( p, u, 7r) satisfy (1 ), (2) A priori estimates will be derived in section 2, In section 3 we study the compactness of sequences of solutions satisfying the requirement above, then the existence results will be proved in section 4, using the convergence of solutions of the compressible isentropique Navier-Stokes equations as q goes to the infinity (where the pressure is given by p( p) = p~'). Finally in section 6, we give two convergence results to the incompressible Navier-Stokes system.
A PRIORI ESTIMATES
We are going to show here that the notion of weak solutions we have defined above is a natural one by showing some a priori bounds. First, we can notice that the conditions (1) and (3) Proof. -Let us begin by the first implication ( 1) --~ 2) ), using the regularization lemma stated in [7] Since 0 p 1 and f p(t) = f p°, we see that p E L°° (0, T; L°° n L1(S2)). Then, the continuity of p in is deduced from the bound on 8tp in using the appendix C of [7] . The Finally to deduce the continuity of P(pu), we apply the operator P to the momentum equation and get Then, the continuity in the weak topology is deduced from the following bound on P( 0 3 C 1 u ) t and th e Appendlx C of [7] . In deed, we have
COMPACTNESS
In this section, we are concerned with a sequence of weak solutions ( pn , 'Un, 7r n) of ( 1 )- (4) ( 1 )- (4), in fact condition (4) does not hold in all times. The homogeneisation example given in [6] for the case of the compressible Navier-Stokes equations can be adapted to our system. In [6] . In what follows we will give a sketch of the proof and omit the problems related to the justification of the computation. We refer to [6] 
EXISTENCE RESULTS
In this section we are going to prove the existence of weak solutions (p, u, x). It is classical (see for instance [6] Hence, we have for n large enough which yields the convergence of ( prz -1 )+ to 0. Let us notice that this convergence is obviously "very fast".
Step 2. -Now, we turn to the proof of the L~ bound on ( p,-~ ) ~'~t . We begin by treating the whole space case and then explain the necessary modifications we in the periodic case. Applying as in [6] , the operator ( -0 ) -1 div to (54), we obtain (60) Then multiplying (60) by we deduce (we omit the indices n in the right hand side for the sake of clarity), This manipulation and essentially the multiplication of p~z by should be justified. This can be justified in the same way as for the product of p by x. Then, integrating (61) over (0, T) x we see that is bounded in L~((0,T) x ]RN), uniformly in n. In fact, the proof is the same as the proof of the bound of 7r in .J~l ( ( o, T ) x so we are only going to mention the changes that must be performed. We also refer to [6] is independent of n (we use here the fact that the norm of in n L2 ) is bounded independently of n and that 03C1nun is bounded 
